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A paper should contain a short and clear summary of the new re- 
sults obtained and the relations in which they stand to results already 
known. It should be remembered that, at the present stage of mathe- 
matical research, hardly any paper is likely to be so completely original 
as to be independent of earlier work in the same direction; and that 
readers are often helped to appreciate the importance of a new inyestiga- 
tion by seeing its connection with more familiar results 


The principal results of a paper should, when possible, be enunciated 
separately and explicitly in the form of definite theorems. 
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The roots of A (p) = Oare known* to correspond to purely 
imaginary values of q/; and they are expressed by the formula 


eens he Is) (15) 
where tan A = — (A/hi), f 
and positive values only are to be used for A. 
Hence 
) BE (a) > ( eas rE + hsin x5) sin (A —**) 
Ji Aen 1 1 1 
a A’ (a) ——<—$—$S—— or 


(1 + hil) cos A — Asin A 
nw rE rE rw - N® 
tpg) eT) 
(1 + hl) — A tan Xr 
—- 2 ( 2 cos Me + hl sin ay ( »® cos — xs + Al sin x2) 
ea ria ee 


the final reduction following from (15). 


oD 


Thus for the temperature in the rod, we have 


_ 29 Vh)-40).07 bet 
era, A(L + hi) + A? ” 


where ¢(x) denotes ( 2X cos A + hisin xe ) for the sake of simplicity. 


7. Semd-infinite rod. Source at x = €. Radiation at « = 0 into 
a medium at zero. 
The symbolical form of the solution in this case can be obtained by 


proceeding as before; or it can be deduced from the previous case by 
making 1 -> © in (14) above. We thus get 


ot qo. q—h as} —qe 
Ve 2 f : iS arm se 1 


ee ED eT!) } an 


bt+q! 





* Bromwich, Proc, Camb. Phil. Soc., 20, p. 414. 


. (16) 
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feo) 
Now, since a ties i yey, rh + 9) dn, 
hg 

Oo 


we can write (17) in the form 
v= 8 J qe! (@ + Bg hee £) 


—an fge— 2 + £) AG + vant 


@ e 
= Jas 
—2h [e fe ge haart. aan tS |: (18) 

ce) 
To evaluate this, we appeal to the formula (5), vzz. 
1 | es) x /4kt ; 
J ®kt , 
co that the temperature at time ¢ is given by 


} eo (@— £)%/4kt , —(o + £)8/408 





ge—9* = 


v= —@ 


2/xkt 


(oa) 


fo al : 
af ehh —(a + E+2)*/4kt mrt. 
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By S. V. RAMAMURTHI, I.C.S. 


Vil. 
The fundamental equation of four-dimensional geometry is 
re =a + 73, 
Let y =0. 
Then r* = 2°, 
If ry =a, 2 = a3 
There are three values of # which make #* = a. 
Let them be +a, Aa, fra; 


(plus a, dinus «, trinus a). 


(Dinus « and trinus @ are not the imaginary cube roots of unity, but 
are real in 4dimensional space, just as minus @.) 
Now +aNKaKa=QO, 
(Ad(Aa) = 71, 
(a + a) (@ Aa) (2 A a) = (@ + a) (2? A aa A ae + a’) 
(2 + a) (a? — ax + a*) 
— x 4 o 
w+ y° = (x + y) (w Ay) (@ Ay) 
= (y+ a) (yA2a) (yA). 


If we put rE° = y+ a, where 9 is the angle between y andr andE 
is a constant, 


rat) 





then rE =yAz. 

and rEt? = y Tr ew. 
ie Se ate = yy? + a, 
ove r° = y> + 2. 











¥ Sections I to VI of this paper were published in J.I.M.S., Vol. XV, No, I. 
(Feb. 1923), 
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Hence, consistently with the relation 


8 


we can take cE” =aty 


where’ E is a-constant. 


E° = 1, E” = 1, where p is a right angle in this space. 


Every straight line in this plane has three directions—positive, 
dinitive, trinitive (as we may call them). 
Every line in this plane is real (unlike in three-dimensional space), 
where the y line gives imaginary lengths through the equation 
Pd = Te, 


A 
~ 


As a straight line has two perpendiculars in the plane of a, y, 
(a plane being defined as the continuum perpendicular toa straight line), a 


straight angle is equal to three right angles. 


of a triangle 
= a straight angle 
= 3 right angles. 


The sum of the 3 Zs 





The only results of a three-dimensional geometry which do not hold 
for four-dimensional geometry are the Pythagorean theorem and 


deductions trom it. 
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Through a point P draw parallels to a, y, z axes, which’are per- 
pendicular to each other. Let « be the line perpendicular to z, y, z. A 
perpendicular makes either one right angle or two right angles. The paral- 
lels through P cut the x, y, z axes in six points, but yield only three sets 
each of two equal lengths. 


There are two perpendiculars from P on OX. 


They are equal as Z PMeN, = 1 right angle 
= Z PNiMe. 


Also M2 Ni = PMs = PNi, as PM2 Ni has all its angles equal, each 
being a right angle. 
Also 2 —PL» 
= ON, 
= OMz2 + MeN, 
=PLi + PMe 
ayy ee 
Let a hyperplane be the continuum perpendicular to two perpendi- 
cular lines. 
Let 7 denote the distance OP in the hyperplane of OMeP (perpen- 
dicular to z and «). 


Let p denote the distance OP in the hyperplane of ON,:P (perpen- 
dicular to y and uw). 


Let 9 be the angle between OX and ¢ as stated. 


Let ¢ be the angle between OX and 
ser y, 
ys —@, 
y = OMe, z= ON,. 


Aswetook rE? = « + y = 2 =ON,, 
so we can take 


p.E? = OM, 
Spe —Z—d2e 
os p.E* == g— (/\2), 
p.E** = zg — (Aa). 
Sew Js = 2° + (—a)° 


en $ 


—— 2 — Uv, 
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Hence there are two co-variants associated with two points O and P. 


If P bea point, whose y and z are both zero, 


es . = 3 
7? = 2°, p =——2 


1.8., r=a2, P >——2. 

OP has then two co-variants and — #, as ona line of three dimen- 
sional space. : 

‘If P be a point on OX, then # = 0, r = P. 


But if P be outside the lines OX, OY, OZ, it has two co-variants 
r, P given by 
r? — ¢? + y, 
p® = 2 — a®. 
These are the two co-variants associated with a plane of four 
dimensional space corresponding to the co-variant 
P=e2ity’ 


of three-dimensional space. 


We can take # to denote time, and y to denote space, then x denotes 
space. 


We can take z to denote matter, then P denotes matter. 


Einstein’s relation between a three-dimensional space and time is a 
relation between matter and time and corresponds to 


a paced | Jr 


Reduced to three-dimensional numbers of matter by the equation 
hr? = ks mi, 
the above relation yields 
dp? = dz? — dx? 
which corresponds to (ds? — dt*). 


Triations. 


The three directions of a straight line are the p 
positive, dinitive and trinitive. 
(+> =(A DI=H(ADF=1L; 
(Al)? =Al; 
(A 1? = A 1. O 
Measure three equal lengths OP, OP2, OP; 
along the three directions of a straight line. 
If OP: = 1, then OP2 = A 1, OP; = Al, rs 


uJ 
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Each direction is the reverse of the other two: A lor A 1 being 
the reverse of 1. 


OP, is the reverse of OP, and OP, 


If OFF represents © to be” and OP, represents “not to be,” 


then OP, is “both not to be and to be”. 


Hence in place of our three-dimensional logic which states that A 
is either B or not B, we get A is ‘either B’ or ‘not B’ or ‘both Band 
not B.’ 

Again, the identity A = A holds in three-dimensional space. In 
four-dimensional space, we can take the fundamental identity as 


A=AI]|A. 
7.e., A is equal to A relatively to A. 


This is a synthesis of a congruence and what Dr. Whitehead calls 
a cogredience, z.e., of the relation between two objects, and the relation 
between subject and object, these relations being given the same 
status. 


The distinction between subject and object is transcended in this 
identity. I call it a tréation (a three-sided equation). 


We can manipulate changes in the sides of the identity thus : 
If we change a quantity B from one side to another in direction, 
(<.e., from right to left), we change sign by A (dinus) for one step and by 


7x (trinus) for two steps. In the reverse direction it is by A for one step 
and by A for two steps. 


Deductions in the same side of a triation are made by the negative 
sign. This is consistent with « and—-«# being the two co-variants 
associated with O and a point, whose 


y = 0, z = O in the plane u = 0. 


Thus A=A|A ae or ela! 
A+B=(A+ B)|}(A+B) ... are? (2) 
AAB#AB= (A—B) Il (A —B). 
But ABAB=-—B. 
A’ Bi = (A) B) I (A — B)” “3. we (3) 
A=A—B|IAAB 
Ah B= Ae A 
A=A+B||A—(AB) 


=A+BIAt+BAB. 
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From (1), (2) and (3) we see that an equation is a compressed 
triation with an invisible equal third side. 

Our equations are two-sided and do not involve dinitive or 
trinitive quantities. Wecan always reduce a triation to a form, where 
each side involves only positive or negative quantities, but not dinitive 
or trinitive—which may be called the super-negative quantities. Then 
any two sides of the triation yield an equation. 


The Law of Gravitation. 


Newton’s Law of Gravitation could be derived from the funda- 


mental equation 
ky x? = ke m?. 


The Einsteinian law is derived in terms of matter measures for 
time, space, matter and mind, from ¢ = hk, 7°. 
The Law of Gravitation thus depends on the first three terms of my 
fundamental equations, that is given by 
t= kr = kem': 
or writing it as a triation 
t= k, 7? |l bem’. 


Reduce time and space to Euclidean continuum by taking 
h* = tand7? = 7, 

Hence we get 
ih = hey Ty | ke Mm. 

Here ¢;, 71, m are measured by rods of mind perpendicular to a 


continuum of time, space and matter. 

Hence the Law of Gravitation can be written as 

t=ar | em 

where ?, 7, m are lengths of mind-stuff (7.e., are four-dimensional numbers) 
and «1, a2 are constants. 

This is a straight line in a three-diréctional plane given by 

du = 0, or « = constant, 

where w is mind. 

Thus the Law of Gravitation, when expressed in terms of four- 


dimensional numbers is the analogue of Newton’s First Law of Motion 
which is t = kr. 


The problem of x bodies is thus automatically solved in terms of 
four-dimensional numbers, 
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Hogs 1 
The Law of Gravitation means PA = constant, where dp is an 


element of the path of a particle. 


: 1 ] 1 
This “ has three independent components as) om ak 
dt dt’ dt’ dts 
each being constant. 
ae 7 
i constant, gives the Law ot Conservation of Velocity. ° 
dm 
7, = constant, corresponds to the Law of Conservation of Matter 
and yields it, when the constant is zero. 
dL 
arom constant, corresponds to the Law of Conservation of Energy; 
for if L bea four-dimensional mass, < is a three-dimensional mass as 
di 
energy is. 


Thus the Law of Gravitation involves as corollaries three laws 
which correspond to our laws of conservation of energy, matter and 
momentum. 

Gravitation and Rotation. 

We know that rotational motion is independent of translational 
motion in a three-dimensional space. Further it develops linearly. We 
can therefore regard it asa translation along a fourth-dimensional line 
perpendicular to the three-dimensional space. 

But Gravitation also means a translation along a fourth dimen- 
sional line, as I have already shown. 

Hence Gravitation and Rotation are both translatory motions along 
a fourth-dimensional line. This leads to Einstein’s Principle of 
Equivalence. 

Further, as a motion of translation is relative to the base of 
measurement, rotation is not absolute, but is relative (to a four-dimen- 
sional frame). 

The general Principle of Relativity asserts that the laws of nature 
have a co-variant form with respect to four-dimensional axes. On my 
analysis, time, space, matter and mind furnish the four dimensions of a 
four-dimensional universe. Hence 2, y, z, v, the four axes, represent 
time, space, matter and mind. A law ot nature isa persistent relation 
between mind and an objective fact which is itself a relation of time, 
space and matter. Hence Einstein’s principle reduces to this: a persistent 
relation between time space, matter and mind is a co-variant, ¢.e¢.,a 
persistent relation between 2, y, z, w—which is a truism. 


Miquel Theorems 
By V. RAMASWAMI ATYAR. 


1. Let us consider a system of » elements 71, #g, ++ , in a plane 
which may be of any of the following types :— 


(i) It may consist of » straight lines intersecting in pairs in 
distinct points of intersection. 


(ii) It may consist of circles intersecting in a point O and 
having their other intersections all distinct. 


(iii) It may consist of ~—-1 circles and a straight line inter- 
secting in a common point O and haying their other 
intersections all distinct. 


2. Definition of Symbols and Statement of Theorems. 


By («,#5) we shall mean, in the system of type (i), the point of 
intersection of the lines #,, 7»; and, in systems of types (ii) and (iii), the 
point of intersection, other than O, of x,, ao. 


By (w,29v) we shall mean the circle through the points (x93), (x32), 
(2, ao). 


Then we have the following series of Miquel theorems :— 


I. THEOREM FOR FOUR ELEMENTS. Let the system consist of 
4 elements ®), %o, #3, 4. Then the four circles denoted by (voxgx4), 
(vgr42)), (c42,, xs) and (x, ao23) are all concurrent. 


The point of concurrence is denoted by (a, xorgr,). 


II. THEOREM FOR FIVE ELEMENTS. Let the system consist of 


5e , sn ae : 
lements « 1) %Q, &3, #4, v5. Then the five points denoted by (vorgxgars), 
(w3r4x52,), (v4250 29), (v5, voaa) and (x, xovg2,) wll lie on a circle. 


This circle is denoted by (vr, x9v,0 ,t,). 


II]. THEOREM FOR SIX ELEMENTS. 


Let the system consist of 
6elements «,, a, a, 


/ ~ in . . 
» U4, Ls, Xe. Then the six circles denoted by (woagxyx,24) 
4 , Q ul > TS ee Ms - .: e SI 
(xg 4% 5%), serene (x, weaga425) are all concurrent, 


This point of concurrence is denoted by (x 1 Po 442-09), 
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TV. THEOREM FOR SEVEN ELEMENTS. Let the system consist 
of 7 elements 2), 2o, ...... a7 Then the seven points denoted by (ao x5 
ove ay), (waar, eee w) eee (x , ao eee te) all lie on a circle. 


This circle is denoted by (x, a9 ... «,). 


And the theorems go on inthis way without limit. 


1. Case of four elements. 


3. Let us consider a system of four elements of type (i) consisting 
of the straight lines a, y,/,,/5. Then the theorem is that the circles 
(wyly), (wyle), (wlylg) and (yl,lo) are concurrent. This is indeed well 
known and we shall not go into a proof of it. But, from its truth, we 
deduce a couple of Rules of Operation, as follows :— 


Let O be the point of intersection of x, y and let us denote the 
circles (ayl,), (wylo) by c,, co. These have a point of intersection other 
than O. According to our notation it will be denoted by (¢,¢o). But this 
is the point of co-intersection of the four circles in question. Hence we 
have the statement of identity 


(wyl,la) — (c,ca) see eee ose (1) 





which is one of our rules of operation. 


Again we have 
(allo) = (weyeg) + FF ive 42) 


for both symbols denote the circle ACFE in the figure ; and this is the 
other rule of operation. 


We observe that the truth of the theorem for four elements of types 
(ii) and (iii) follows from the truth for type (i) by inversion. 
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II. Case of five elements. 
4, Letusnext considera system of five elements of type (i) consist- 
ing of the lines w, y, 1,,/s,/3. We have to prove that the points denoted by 
(xylals), (xylsl,), (eyl,lo), (al,lols) and (yl,lols) lie on a circle. 


As before let O be the point of intersection of x, y; and let the 
circles (wyl,), (wyls), (wyls) be denoted by 6,,¢9,¢3. 


Then, by the rule ot operation (1), we have 
(xylal,) = (cos) 
(aylaly) = (c,¢,) oo fee 
(wylls) = (6, co). 


Let us now consider the point (w/,/5/,). It is the point of co-inter- 
section of the circles (/,/ol3), Calols), (wl,1,) and (1,15). Leaving the 
first of these circles alone, the point is sufficiently described as the 
point of co-intersection of the other three circles. But, by rule of 
operation (2), we have (alsl,) = (wcsc,) 

(wl3,) = (we,c,) 


(wl, lo) = (we, 6s). 


ww. (4) 


An inspection of the right-hand side shows that the point in question 
is*that symbolized by (we,c9¢,). For a, ¢, ¢o, ¢g form four elements of 
type (iii) and theretore the circles referred to in the right-hand side of (4), 


as well as the circle (¢,c9¢,), concur at the point (xe,cy¢3). Hence 
we see that 


(el, lols) = (we, ¢o¢,); 
w» (5) 


and similarly (ylylols) = (yo, Cos) ; 

either of which now becomes a rule of operation. 
results (3) and (5). The left-hand sides in them consist 
under consideration and the rig 
on the circle (¢, es 64). 


Review now the 
of the five points 
ht hand sides show that each of them lies 


This proves the theorem for five elements of type G 


and gives us the 
ruls of operation 


(wy L, ls ls) =. (c, bo Gg), 


The truth of the theorem for 5 elements of t 
at ouce by inversion. 


er owe At 
ypes Gi) and (iii) follows 
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Ill. Case of six elements. 
. 3. We shall first consider a system of six elements of type (i) con- 
sisting of the lines x, y, ly, la, ls, ly. We have to prove that the circles 
denoted by (wy/ai31,), (wylglgl,), (wyllylo), (wylylels), (xlylolgl,) and (yl,lolsl,) 


are all concurrent. 


As before let O be the point of intersection of w, y and let the circle 
(wylr) be denoted by cr (+ = 1, 2,3, 4). Then, by rule of operation (6) 


we have 
(xylolgls) = (cocge,) 
Caylgl,l,) a Cese4¢,) 
Cxylllo) = (c,e,¢0) vs s+ (7) 
(xylylols) Sa (c,¢g¢9). | 


The right-hand side makes it obvious that the four circles on the 
left-hand side are concurrent at the point denoted by (c,¢ocs¢,). We infer 


this by the theorem for four elements applied to the system 6), Ca, 63, C, 
which is of type (ii). 


From what has been proved above it really follows that every four 
out of the six circles in question are concurrent; for it merely depends 
on which two out of the six lines in question we select as , y. It follows 
that all the six circles in question are concurrent. 


But we may prove the concurrence of the remaining two circles, 
namely, (1,lo/,1,) and Cy1,lylsl,), independently, as follows :— 


Taking (zl,/s/,/,), we see it is the circle on which lie the points 
(Ijlolgl,), (elolgl,), Calglyl,), (algylg) and Cal,lgl,). Leaving the first 
point alone, the circle is sufficiently expressed as the circle passing 
through the other four points. But, by the rule of operation (5), we find 
that the remaining points are identically the same as those denot- 
ed by Caescgc,), Caegc,c,), Cweyc,c9) and (we,coc,) respectively. By the 
theorem for five elements applied to 2, ¢,, ¢5, é3, ¢,, Which torm a system 
of type (iii), we see that these four points, as well as the point 
(c, Go ¢ cy), lie on the circle denoted by (Cw ¢, ¢g ¢, ¢,). We have thus 
shown that 

(al lolst,) = (26,C9C,6,)- G) 

Similarly Cyljlolgl,) = Cyc,co¢3¢,). md 
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Either of these results will now count as a rule of operation. 


Reviewing (7) and (8) together we see that the six circles in ques- 
tion are all concurrent at the point (¢,cae3¢4). 


This proves the theorem ; and also gives us the rule of operation 


(xy llelgla) = (c,6g¢3¢4). =< mer: {!)) 


The theorem being proved for elements of type (i) its truth for six 
elements of types (ii) and (iii) follows by inversion. 


IV. Case of seven elements. 


6. Weshall next consider the theorem for seven elements of type (i). 
Let the seven lines be «,y,1,lg,/3,l4,/;. We have to prove that the 
seven points, namely, five points of the ‘type (xylalslals) and the points 
(alylalglals), Cylilglslals), all lie on a circle. 


As before let O be the point of intersection of «, y and let the circle 
(xyl-) be denoted by (, (vy = 1, 2,3,4,5). Then by the operation 
theorem (9), we have 

Crylalslals) = (cacgcaes), 
Caylslalsl) = Ccgcac;c,), 

Yostalsty 364656) .. (10) 
Coylylalsls) — (c1¢g¢3¢4). 

The right-hand side shows that these five points lie on the circle 
symbolized by (c,¢gcgc4c;). We have really shown that every five out 
of the seven points in question lie on a circle; and it follows therefore 


that all the seven points in question are concyclic. But we can show 
independently that 


(alylgl slats) oan (veyegegcacs), \ (11) 


and (ylylglslals) — (yercgcyc4cs), 
by using the rule of operation (8). [This result, in turn, becomes a rule 
of operation for the next stage]. ’ 
From (10) and (11), we see in one view that all the seven points in 
question lie on the circle (c 1Cq C3C4cs), leading to the identity 
Caylylglslals) = Ccrcgegcacs), ... nD 
which becomes a rule of operation for the next stage. 


The truth of the theorem for seven elements of types (ii) or (iii) now 
follows by inversion. 
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7. It will now be clear that we can carry on this reasoning to cover 


a system containing any number of elements; and thus the whole series of 
theorems stands proved. 


8. Inverting with respect to an arbitrary point outside the plane, we 
see that the series of theorems hold for a system of circles on a sphere all 
having acommon point O. The three types of plane elements considered 
in para. 1 lead but to this one type on the sphere. 


9. Let us go a little further and consider a system of 2 circles in 
a plane co-intersecting in a point O, that is, a system of type (ii) of para 1. 
Let the circles be x, wy, ...2n» These will be sufficiently given if, in 
addition to the point O, we are granted the points diametrically opposite 
to Oin the circles. Let the diametrically opposite points be Aj, AGL Agi ss 
A, It will at once be obvious that the point denoted by (21 v2) for example 
is the foot of the perpendicular from O on A,Ae. The circle (x53) thus 
becomes the pedal circle of O in respect of the triangle A 1tAgAg. And we 
have a series of theorems as follows where, in each case, a fixed point O, 
as an origin of perpendiculars, is understood. 


(1) Let there be four points Aj, Ag, Ag, Aq. Then the pedal circles 
of O with respect to the triangles A,A3A4, AgA4Aj, A4gAjAg, and A,AgA3 
areconcurrent- We symbolize the point of concurrence by [A;AgAsAyq]. 


(2) Let there be five points Ay, As, Ag, Ay, A;- Then the five points 
arising, which are of the type [A,As3A,A-;], all lie on a circle. The 
circle may be denoted by [A,A,A3A4A;]. 


And the theorems go on this way, step by step, as additional points 
come in, without limit. 


10. The reader will find the Miquel Theorems stated in Clifford’s 
Common Sense of the Exact Sciences. The theorem for five elements of 
type (i) is the Miquel Theorem proper. The further development is per- 
haps due to Clifford himself, but the present writer is not sufficiently 
acquainted with the literature on the subject. However, he trusts, he has 
made the ‘Common Sense’ underlying the theorems sufficiently clear to 
the reader. It may be noted that it is all a matter lying within the range 
of the elementary geometry of the circle. 


The Parametric Representation 
of the Twisted Cubic 


By R. VAIDYANATHASWAMY. 


The Twisted Cubic is a well-known curve and has been much 
studied both through parametric representation and by synthetic methods. 
The principal properties of the curve can be obtained straight-way 
by reducing it to the form 


ay = #3, % = 1, 2g = t, a4 = 1. 


The object of this paper is however, to exhibit the symmetry of the results 
obtained, when we do not restrict ourselves to any special form of the 
parametric cubics. The method is based primarily on the properties of 
what I have called apolar quartettes of binary cubics. The parametric 
form of the equation of quadrics through the curve, and the interpretation 
of the second transvectant obtained at the end of the paper are, I believe, 
new. 

I have added a short introduction on the symbolic calculus, for the 
benefit of readers not familiar with the ideas of modern Invariant Theory. 


It is necessary to observe that all the results of this paper are capa- 
ble of extension to the Rational Normal Curve in WN dimensions—though 
the intentionally special methods used here will not suffice in that case. 


l. The Symbolic Method. 


1. Let the binary #-ic 
f (a) = ap xy" + ny Gy @4"7* 5 + creoee + Gin Wo” 
be written symbolically 
O,.” = (Ay 2y + Ag ag)", 
where 0}, Og are purely fictitious entities obeying the ordinary rules of 
algebra, but subject to the relations 
O13" "Oo" = ar. (ry = 0, 1...2). 

Any combination of 04, G» which is not of the form 1"-" Gor must be 
regarded as purely symbolic, ¢.¢., not possessing an actual significance. 


Thus the only products of the «’s which correspond unambiguously to 
actual quantities are those of order ». As an example, the product 


"Ko" = a," " Os. a,” a,""" = ar On—r 


for any r, and is therefore ambiguous. To represent unambiguously in 
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symbolic form functions of the a’s of higher degree than the first, we 
must therefore have recourse to equivalent symbols a’, o’’...... , where 
Ae) = a — (9. = (0) 8 =. 
The product ao a», for instance, would then be represented by 
a,” (a.')” = (a,')” a5” 


(since a, @’ are equivalent). Generally to represent a function of the r‘® 
degree in the a’s, we have to use r equivalent symbols. 


If we have more than one form, say 


f@ =a," = a,’/"=...... 39 () = 8." = 8," =,,, etc, 


then any symbolic expression homogeneous in (0), G.), (4,/, Oo’) ... 
(8,, 8.), (8,’, 8.’)...has an actual significance, if it is of degree x in each 
pair of 4.’s, of degree m in each pair of §’s and so on. 


It is shewn in the Theory of Invariants, that the most general covari- 
ant of two binary forms f (x) = @,”, g (x) = 4,” which is linear in the 
co-efficients of each of them, must be of the shape (a4)" a,"—-" B,7-" 
where, here and hereatter (09) means (4, 85 — 4, 8). The expression 
(a8) a."-* 8,2-" (which obviously has an actual significance) is called 
the rth transvectant of the forms f and g and also written in the form 


(f, gq)". It is easy to deduce the actual form of the vr‘ transvectant from 
the symbolic form. For instance, (a8)" a,”-" 82”"" is a form of order 


2n—2r 


2n — 2r, in which the co-efficient of «, is 
(a 5)" ra Boe = Ot fe (= (-—)* Ok Ona Oe Aaa) 
= >» (—1)* r0r at bp—t. 
k 


if i (x) = - nOk ak rk oc ear, d (x) == nUk be aid to™. 


It the form g is supposed identical with f, we have the self-trans- 
vectants ot f. In this case, however, a peculiarity arises. If 


f (a) — or — Shes 


then the rth transvectant 
(f, fy’ = (ao’)” ee Sela 
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and since 0, @’ refer to the same form, they are equivalent and can 
therefore be interchanged without altering the value ot any expression. 
Hence 


(7, f yr = (aa’)’ fa eet fo OE oa = (a! a)” C0 tir ry El 2 
But (a’a)=(a,/a.—a9'0,)= —(aa’). 
Hence 
‘\r — ‘a=-r — , / —r i) pee 
(aa) ate ol me = Ce" (alae ge a eee 


Hence (f, f )” must be zero identically, if r is odd. In other words 
the transvectants of odd index of any form:will vanish identically. 


2. The most important transvectants are the first, the second and 
the last. The first transvectant 
(f, = (0.8) 0,27? Bet 
differs only by a numerical multiple from the Jacobian 
“f dg _ af dg 
dx, dxs ditg dx 
of fand gq. In tact by ordinary differentiation, we have 


da,” dp” da." @QBin 
—* — % —* = (04 8—0y8,) 07-1 8} 





=n(f, 9)’. 


On this account the first transvectant o! two forms is called their 
Jacobian. 


The second transvectant (f, /)* of f with itself is called the Hessian 


of f and may be easily shewn to be a numerical multiple of the 
determinant 








d?f - df 
dx,* ' da diy 
af ae 
di idx : ditg* 


An important property of the Hessian is given by the theorem : 


The identical vanishing of the Hessian of 


f ts the necessary and 
sufficient condition that f may be the nt* po 


wer of a linear form.* 
desesstclonsteeplictec cee een 
‘wants, page 235, 





_— 


¥ For proof : see Grace and Young : Algebra of Inver 
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Lastly the x'h transyectant of fand g is their apolar or harmonic 
invariant 


oO br nly ay ht ese + (e 1 y Qn bo. * 


If this invariant vanishes, the forms /, g are said to be apolar. 
Since (/, /)” vanishes if r is odd, it follows that :—A form o f odd order 
ts necessarily apolar to itself. t 


Another important theorem which we may easily prove, is: 
The only linear forms whose n* powers are apolar to f£ are the 
linear factors of £ itself. 


For when a,” is the n“” power of a linear form a,, We may regar 
the ain a,” indifferently as a symbol or as an actual quantity. The 
condition of apolarity of a,”and f= a.” is then 


(aa)” = (,a9— Goa)" oo 0; 


which shews that f (x) vanishes when x, = «o, ao = — a; and theretore 
contains the factor a,. 


ll. Apolar sets of Binary Cubics. 


3. Let 
fila) = Ox" = aga? + Bayry2agt 0. + aga’. 
Fola) = Px® = boxy? + Bb, 0,9agt 4. + cyte. 
fala) = yx? = cowy® + Beyxy®tot+ 0.6 + cgry®. 
Fale) = 8%® = dow? + B8dyay2xqt 1... + dyzg?. 


be four linearly independent binary cubics. Let us denote the Jacobian 
(fr, f)' by Jreand the harmonic invariant (fr, f)® by ¢-:; so that 


Ju = — Jer and irs = — Zsr. 
Since any 6 binary quartics must be connected by a linear relation, 


it follows that there is an identical linear relation between Jos, J3i, Jia, 
Jia, Jos, Jgae We can shew that this relation is 


tra Jog + tea Jgx + ta Jig + 493 Jana + t31 Joa + 712 Jaa = 0. (A) 


© Comipare: ‘ Linear Systents of Points’, J,I.M.S., Vol. XI, p. 160, 
¢ Compare: bid, 
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For, the symbolic expression of the left-hand side is 
(.5)3(Sy)8,2y,2 + (85)%(ya) y,20,7 + (y8)3(a. 8) a2 827 
+ (By)7(ad) a,28,3 + (ya)3(88) 8,28,? 
+ (a.8)3 (¥8) ¥,25,2. 


Regarding the a’s, £’s etc. momentarily as actual algebraic quanti- 
ties, this expression is a cubic in &, and must therefore vanish identically, 
if it is shewn to vanish for fowr values of a. Now when a= (which 
means of course ©;=94, O3=5s) the expression becomes 


(05)(y 8) 5,3 { (8 8)? y," —(88)8y,? + (y 8)? 2,? 
Filo eee tree au 


Similarly, it vanishes when & = Y or &. Finally, if @; = ro, Ge= 
— 21, it becomes 


Bx® yx? Sx® { (BY) Ox—(85) Yx + (YS) Px} =O, 
since the expression within the brackets is identically zero. 


Thus the expression vanishes identically when o, 8, Y, 5, a represent 
arbitrary algebraic quantities. Hence the expression will also vanish 
identically when some or all of a, &, Y, 9, 2 represent entities other than 
algebraic quantities, provided they continue to obey all the formal laws 
of algebra *, and in particular, when , P, Y, © are symbols of the in- 
variant calculus. Thusthe truth of the identity (A) is established. 


4. Since the apolar invariant of two cubics is linear in the co-effi- 
cients ot each of them, it follows that a cubic can be uniquely determined 
(apart from an arbitrary numerical multiplier) so as to be apolar to three 
given linearly independent cubics. Let Fi, Fo, Fs, Fa be the cubics thus 
determined, so as to be apolar to the cubics /1, fo, f3, f4 three and three (7.e. 
F, is apolar to fo, fs, f4 and soon). To fix the arbitrary numerical 
multipliers in Fi, Fs, F3, F4, let us suppose them so determined that 


(f1, F,)> = (fo, Fs)® = (fs, Fs)? = (fa, Fa)*. 


The essence of algebra is its formalism, by virtue of which it is able to 
disregard the special concrete character which the entities behind its symbols 
may possess. In fact, these entities may be anything whatever under the sun 
provided only they are susceptible of certain kinds of relationships typified by 
the operations of algebra. To narrow them down to mere numbers real or com- 
plex, would be indeed not to recognise the deep inwa i 
rdne 
SN: p ss of algebraic 
It is this fact of formalism which is ex 
Russell’s famous definition of mathematics 











* 


pressed, in an exaggerated form in 
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The two quartettes of binary cubics (Fy, Fo, Fs, Fa), (f~r, fos fa, fad 
which satisfy the relations 


(Fr, f° = 0, Fr, f)® = (F,, fd® (Se 8) 


will be termed the apolar quartettes of each other. 


The fundamental property of such apolar quartettes and the source 
of all the results of this paper is the identity 


fila) Fily) + fa (x) Fo (y) + fs (2) Fs (y) + fa (2) Fa (y) = BF (ay)*, 
where k’ is an invariant of the f’sand (sy) = (a, yo— ayy). 


We shall assume the truth of this identity here without attempting 
an algebraical proot of it; as we shall see later on, it is capable of a 
very simple geometrical proof. From this tundamental identity we shall 
now deduce three others, which we shall refer to as identities (B), (C), 
and (D). 


If we regard 2r fr (2) Fy (y) asa form in y, then since it is a_per- 
fect cube, its Hessian ought to vanish identically ; that is 


2 fr (a)? { F; (y), F; (y) } 249 > fr (x) fs (x) { Fy (y), Fs (y)}#=0 (B) 


This identity gives a general quadratic relation between the four 
cubics fr (a). Since this is an identity also in y, it will remain true 
when yn, Yr Yo, yo° are replaced by arbitrary parameters 7,/,0. When 
we do this we obtain an identity which we shall call (C), which gives a 
quadratic relation between the cubics /; (z), more general than the iden- 
tity (B). Indeed, it can be proved from geometrical considerations that 
(C) gives the most general such relation. 


If 8,° be a perfect cube, so that 8 is both a symbol and an actual 
quantity, then its second transvectant with any other cubic ¢(y) = a’, 
is (8a)? @ y Oy and therefore contains the factor Sy (which has an 
actual significance since 8 is an actual quantity in addition to being 
symbolic). Hence, since > f, (x) Fr (y), regarded as before as a form 
in y, is a pertect cube (ay)*, its second tranvectant with an eliran, 
cubic % (y) must contain the factor (wy). Thus fr (a) {Fr (y), ¢ (y) }. 
eontains the factor (zy) and therefore vanishes when # = y; so that we 
have = fr (y) {Fr (y),  (y}? = 0 ip sau (LD). 


5. The members Fi, Fo, Fz, Fg ot the apolar set admit of meh 
symbolic representation in terms of the f’s. Thus if fi () = Gy” etc. 


th 
r. F, (x) = = (89)(¥8) (64) By ¥z 8,. 
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But as itis not proposed to use the symbolic calculus in detail 
here, we prefer to express the F’s linearly in terms of the /’s, (which is 
certainly possible since the /f’s are linearly independent) To obtain 
the expressions, suppose 


Fp = De pq fo. 
Then since (/,, F))* = 0 (r + p) and (f,, Fy)® = (fp, Fp)%, it follows 
that A-pg is proportional to Ipg , the minor of zp? in the determinant 
T= | coo |. 


The determinant I is equal to (cg3 ¢14 + ¢51 tog + tro 734)? and 
I43, Igi, the, lia, I24, 154 are easily found to be proportional to 714, 794, 734; 
Zug, 231, tig respectively. 


We have therefore 


Fi = Ii iD oI lis ts Tr Thy ta =k (tga fo— 94 ts ae 293 fa) IG., 
where k is a constant. 


6. We may notice one further property of apolar sets, viz., Any 
combinant™ of the forms f differs only by a constant multiplier froma 
corresponding combinant uf the F's. 


For instance, since 
Fi = t34 fo — toa fg + tvs fa, 
Fy = tga fr + tis fg + tar fa, 
(Fi, FS = tg4 (dog tg + isn tog + tag tga) = Be (fs, fa)”. 
And the Jacobian 
(Fi, Fy)? = t34 (tog Jaa + tay Jua + t15 Jog 


+ tas Jaa + t34 Jaz) — tga t31 Jga — Zog ia Jsa 


= — (igs ins + tan daa + t1a tg.) Jga, [From (A)] 
= hl (fs, fa. 


* The combinants of r binary 1-ics, f, f, ... D> 
when /, fa ... are replaced by arbitrary linear com 
produce themselves multiplied by 
tion. 


are those covariants, which, 
binations of themselves re- 
a power of the determinant of the substitu- 


The transvectants of odd index of two bin 


, ary forms are easi 
combjpante of the forms, e easily seen to be 
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Ill. Parametric Representation of the Twisted Cubic, 


7. After the study of the properties of apolar sets of binary cubics, 
the development of the geometry of the twisted Cubic from its para- 
metric representation offers no difficulty. Thus, let us take the para- 
metric equations of the curve in the form : 


m = fi (t), 2 = fa (t), #3 = fs (t), v4 = fa (2). 


The co-ordinates /,s of the tangent at any point ¢ of the curve, are 
obviously the determinants of the matrix 


df, dfg afg dfs 
dty dt, dty dt, 


df: dfg dfs dfs | 
dtg dt, dt, dtg 


that is, they are the Jacobians Jrs of the cubics f, fg fs fs, two and 
two. Hence, by virtue of identity (A), we see that the tangents of the 
curve belong to the linear complex 


714193 + Z2sla1 + 734212 + Zaslia + dailaa + Ziglss = O- ee Rew (NS | 


If Irs is the minor of rs in| ¢+s| , this equation might be written in 
the more symmetrical form 


ZIre le) = 0. vee eco (A’) 


When we replace the line-co-ordinates in the equation by their expressions 
in terms of point-co-ordinates, we obtain the bilinear relation 


Di (rrys Ss rey) = 0. 


This relation determines a polarity (A’) which replaces each point 
(c,,@g, 23,4) by its polaror nwl-plane with respect to the complex (A’), 
namely the plane whose co-ordinate are 


Lr = Ina, + Ine + Irgxg + Irseg (rv = 1, 2,3, 4), 


and reciprocally each plane (11, 72, 75,724) by its nuwd-point with respect to the 
complex (A’), namely the point 
Zr = tyyli + 7,912 + 7,313 + eral. (r = 1, 2,3, 4). 


8. The co-ordinates Li, Lg, Ly, La of the osculating plane at the 
point ¢ of the curve, are obviously determinants ot the matrix, 
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Mfr df, 2 dfs fa 
dt,? at," dt,? dt,? 
d? fy d? fo d* fs Sel 4 
dtidtg dt,dt, dtydtg dtidty 
fi @f, fs fe 
dt,” dice dt,* Giese 


It is easily verified that these determinants are the cubics F,, Fg, F3, Fa 
which form the apolar set of f1, fg, fs, fa. ‘Thus the plane equations of 
the curve are ‘ 


Lr =F, (i). [r = 1,2, 3. 4]. 
The osculating planes which go through a given point (a1, #g, #3, 24) 
are therefore determined by the equation 
Der Fr () = 0, 
which shews that three and only three osculating planes pass through 


any point, or the cwrve is of class 3. 


Since the curve is also of order 3, it follows that through the 
point ¢ of the curve, there goes no other osculating plane than the 
osculating plane at ¢. Hence, the expression 


fit) Fit) + fo(t) Falt’) + fa() Fa(t’) + falt) Fa(t!) 
vanishes if and only if ¢ = ¢’: that is we must have 
> f(t) Fre(t’) = k (#t’)3, 
which is the fundamental property of apolar sets assumed before. 


The polar plane of any point (2, we, 3,4) with respect to (A’), the 
linear complex of tangents of the curve, was shewn to be the plane 


Lr= 2 I+s Xe. 
s 


Since we have also the linear relations 
Fr = 2, Irs fs 
s 


it follows that the polar plane of any point of the curve with respect to 
(A') is the osculating plane thereat. Since, in view of the symmetry of 
the equation ot (A’), the polar plane of # passes through y whenever the 
polar plane of y passes through 2, it follows that the 
point # with respect to (A’) is the plane determined by 
of the three osculating planes which pass through zx, 


polar plane of any 
the points of contact 
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On a Theorem in Higher Plane Curves. 


The object of this note is to show that a certain theorem in Higher 
Plane Curves (See § 83, Higher Plane Curves, by Mr. S. M. Ganguli, 
M.Sc., and Hilton: Plane Algebraic Curves, p- 91, Ex. 11) requires some 
modification and is capable of further generalisation. The theorem is as 
follows :—-On the polar line of any point A there are three points the first 
polars ot which have a point of inflection at that point. 


The proof of the theorem shows where modification is necessary. 


Let B (wg, yo, 29) be a point on the polar line of A (x, yi, 2), viz. 


of of of 
ee py + - NW = 
‘¢ Oa y WW Ou c a, -- Q) 
The first polar of B, viz 
= Aer, of y of o of = 
v9 ox 7 Yo dy oT “2 ae 0 vee (2) 


will have an inflection at A, if the Hessian of F 
F,, Fi, Fis 
F,, Fy Fy3 | = 0 Gas eG) 
Pay Py Bs | 


passes through A, in which case the intersections of (3) regarded as a 
cubic in 29, yo, 22 With (1) will give three points the first polars of which 
have an inflection at A. 


We cannot see how the proof gets modified if we replace the point 
of inflection by a double point. Even if A isa double point on F = 0, 
the Hessian of F passes through A. 


It is therefore necessary to exclude such cases and state explicitly 
that A does not lie on the Hessian ot the given curve. In that case, it is 
certain that the first polar of none of the three points determined can 
have a double point at A and the above investigation holds. 


If however A is a point on the Hessian of the given curve, the polar 
line of A given by (1) touches the Steinerian at a point, say, B (2p, Yo, 2a) 
3 
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and A and B are conjugate points. We shall show that in that case the 
cubic given by (3) passes through B. 


Multiplying the columns of (3) by #2, ye, ze respectively, and adding, 
the first column of the resulting determinant vanishes, since A and B are 
conjugate points. Hence (3! regarded as a cubic passes through B and 
intersects (1) in two other points, the first polars of which have each an 
inflection, while that of B has a double point at A. 


The theorem may therefore be stated as follows :— 


Theorem I. There are three or two points in the plane, the 
first polars of which with respect to a given m-ic, havea point of inflection 
at an assigned point, according as the assigned point does not or does lie 
on the Hessian of the n-ic. Moreover, these points lie on the polar line of 
the assigned point. 


A given line has [(m— 1)*— 8 — 9k] proper poles with respect to a 
given n-ic with 9 nodes and & cusps and any one of these poles may 
be the assigned point in the above theorem. . 


We therefore deduce 


Theorem IT. There are (n — 1)? — 8 — Qk sets of three points 
each on any line not touching the Steinerian such that the first polars of 
the members of any set with respect to the n-ic with 8 nodesand k cusps 
havea point of inflection at some one of the proper poles of the given line. 


In the above, since the given line does not touch the Steinerian, none 
of its proper poles can lie on the Hessian and hence each set consists of 
three points the first polar of each of which has a point of inflection at 
some one of the proper poles of the line. 


But if the given line Z touches the Steinerian at a point P, the first 
polars of any two points on L touch at a point QO on the Hessian and 
intersect in [(m — 1)? — 9] points none-of which can lie on the Hessian, 
For, if possible, let one of these points say Q, lie on the Hessian. Then 
the given line L (being the polar line of O, as well) must touch the Siete 
rian at another point P,, or else P, and P coincide. But we have taken 
the line as touching the Steinerian at only one point and hence the first 
alternative does not hold. The second alternative requires that one and 
the same point on the Steinerian should be the conjug 
distinct ordinary points on the Hessian and L has a to 
with the Steinerian. Hence none of the [(n— 1)? 


ate point of two 
ur-point contact 
— 2] poles can lie 
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onthe Hessian. Moreover, we deduce incidentally that if ZL touches the 
Steinerian at p points, p of the poles lie on the Hessian and none of the 
remaining (x — 1)? — 2p poles can lie on the Hessian. 


We therefore deduce 


Theorem III. Given any line touching the Steinerian at p points, 
there are 


Gi) (uw — 1)* — 8 — 2k — 2p sets of three points each such that 
the first polars of the members of any set with respect to a 
given x -ic with 8 nodes and & cusps, have a point of 
inflection at someone of the (x — 1)? — 8 — Qk — Qp 
proper poles not lying on the Hessian; and 


(ii) » other sets of three points each such that of the first polars 
of the members of any set one has a double point and each 
of the other two a point of inflection at some one of the p 
proper poles lying on the Hessian. 


M. LAKSHMANAMURTI. 


A certain Locus in Tetrahedral Co-ordinates. 
If the tetrahedral co-ordinates of P be (a, 4}, ¥1, 93,) the equations 
of the straight line whose direction angles are 6), 03, 9g, @, are 


Beye ncn, Y— vy oO, 


L nm via Pp 
where L = acos 93, m = bcos 94,2 = ccos 93, p = dcos 04 
and L+mtnut p=0. 


It is easy to see that the co-ordinates of the teet of the perpendiculars 
on the faces ©=0, 8 = 0, Y=0, 5 =0 of the tetrahedron of reference are 


m7 1 PL : 
0, 8, —— a, aes oy Cele $,—<— a1; 


ly ly ly 
lg Ng es) 
Sakon 8), 0, Lites wae B,, 1 m Py; 
le is P3 
a —_— — 0, 5,—+ . 
0.) rie Wisin, ms Bhi te Yi 
Ea M4. n4 © 
aj—#8, #,—™8, y,—%5, 0. 
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The feet will lie on a plane, if 
I 2 3 4 5) 6 7 § 
ly Qy—ly &y 1 By — my Oy UL VM—m a, 1,5, — py ay | 
tttg hy —1_g 8, mg h)—1Mg 8) mg V1 — Mg 9) ig 91 — pa : = 0. 
m3 ,—l3¥, ng By —m3Y, naj —ngzg i, 23 ot — psy} | 
pay —ly 8) pa 8y— mg 8, par — 49, ps 9y— pd, | 
This determinant breaks up into sixteen determinants twelve of 
which vanish identically and the other four may be written 
(1468) + (2368) + (2458) + (2467) = 0. 
Remembering that 


Lt+mtut p = 0; 1, =a, mg = 5, ng = 6, pg =; 
b a’c ae dia haw o Gk ed heed 620 


which lead to aly + bly + clg + dig = 0, 
amy + bing + omg dmg = 0, 
an, + bag + cng + dng = O, 
ap, + bpa + cpg + dp4 = 0, (1) 
we see that the points lie in a plane, if 
SPS 
a Ans, (+5 4048) x] te me Bs = 0. 
oa 28 Yai 01 ls mg, "3 ps 
ly m4 mq pa 
But from (1), the determinant is not zero, unless 
Om. AH hd _ ot4t+y4+5,. 
ly My 1 pr h +m +m t+ pr j 
that is, unless P lies on the plane at infinitya +8+y+6=0. 


Hence we have in quadriplanar co-ordinates : 





Theorem. The locus of a point, the teet of the perpendiculars from 
which on the faces of the tetrahedron of reference lie in a plane is the 
cubic surface 
b d 
8 ey: 

This surface is easily seen to be the locus of the focus of a paraboloid 
of revolution touching the faces of the tetrahedron of reference. 

Hence the two loci are identical. 


Le ¢ 
eee Gens 


HEMRa&J. 
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tw 


Note on some Criteria for Divisibility. [J. 1. M. S., Vol. XIV, No. 2, 
p. 68.) 


7 The criteria given by Mr. Das amount to nothing more than actual 
division backwards from the unit’s place of the dividend. For example, 
to test the divisibility of 1937 by 149, we may proceed with the division as 
indicated below : 

13 
1937 | 149 
447 





149 
149 


The method consists in finding a suitable partial quotient at each 
step which, when multiplied by the divisor, gives the same unit’s digit 
as in the partial remainder. Mr. Das’s method is a slight modification 
of the above. 

A. A. KRISHNASWAMI AYYANGAR. 


Remarks on the Perpetual Calendar designed by Mr. C. Ganapati Aiyar 
(p.70., J. 1.M.S., Vol. XIV, No. 2). 


The number of steps to the right or left that is to be counted in Mr. 
Ganapati’s Tabular design may be easily valculated as the least positive 


residue (mod. 7) of 


5 (n—1) + [s] t pit [2] 


where » stands for the century number, p for the year number and 


; | and [2] denote the corresponding integral quotients. 


Thus for the year 1815, the number of steps required is the least 
positive residue ‘mod. 7) of (5X17+4+15+3), viz., 2. 


If the least negative residue be taken, the steps should be counted to 
the left. 
A. A. KRISHNASWAMI AYYANGAR, 


(a8 See 
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Note on Question 1162. 


(K. J. SANJANA) :—Solve the following differential equations and 
explain their geometrical significance : 





(i) al + y? — Quy, (lL + yy") + 2y(1 + y,*) = k? ; 
oS Yo 
2a: y," 2 : 1+ y,7)? 
@) +p —2MGtn), witn) Atm ae 
Ys Yo Ye 


1+ y,". my, + 9,9 
Ye Ye 


(ii) y— me + = 0). 

The solution of this question by Mr. C. N. Srinivas Iyengar, published 
in the issue of the Journal for June 1922, is defective. The analytical 
solution of the equations is not attempted and the geometrical interpreta- 
tions are not quite general. 


(i) The equation may be written : 


Differentiating and re-arranging, we have 
(u* + y? — k*)y, = by, yolryy — y). eee oe 
ey Y, 384,48 
Dividing (2) by (1), ee ae 


Integrating, we have log (cys) = $ log(1 + y,”) 








ty, 4 gee 
or CY5 = Yt 8. eae 
. (i+ y,2)* 
Multiplying by y,d« and again integrating, we have 
CG 
ey to: 
Qty 7° % 
ee ame Grae e 
] ’ 
7 Tes 
whence we have da = + __& F ody 


fo%—(y + ¢.)t}F 
On integration %+ oy = = {o? (y+. )933 
} ‘ 
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Squaring and arranging we find that the primitive is of the form 
ety? +9Axr+9By+C=0. .., w.» (3) 


We observe (1) that the equation obtained above represents loci 
which consist of circles only, and (2) that the constants A, B, C could 
not be all independent, as the given equation is of the second order. 


Making the substitutions 


= L+y,? - 1+ y,? + 4 2)3 
Ye Ye Ye 


we find that the differential equation reduces to 
a? + y? — p? = k?, 


This shews that the curves represented must be such that the power of the 
origin with regard to the circle of curvature at any point is constant and 
equal to k’, or (whichis the same thing) that the circle of curvature at every 
point cuts orthogonally the circle a? + y* =k”. Asthe primitive represents 
circles and as the circle of curvature at any point of a circle is the circle 
itself, we see that C = k? and a system of circles orthogonal to 2? +y? =k? 
is represented. 


Hence the primitive is 
w* + y? + QAx + QBy + * = 0. 


When the centre of any such circle goes to infinity, that circle becomes a 
diameter of «2 + y# = k?. Thus straight lines passing through the 
origin will also be represented by the given equation; but this is merely a 
particular case. 


(ii) The equation may be written in the form 2* + y® = k*: so 
that the corresponding curves have the centres of curvature at every point 
lying on the circle 2? + y? =k*®. Evidently the doubly infinite series of 
circles with their centres on this circle satisfy the equation; but the 
complete analytic solution is troublesome and there is just a chance that 
other curves might be represented. 


(iii) The equation may be written : 
(mx — y)yo = (1 + my,) (1 + 9y%). pe 


Differentiating and re-arranging we have 
(ma — yyg = By, yo(l + my). ost ne 
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Dividing (2) by (), 48 = Bu142_ 
yg Ilty 
the primitive of which, as in the solution of (i) is 


at + y?+2Aec+2By+C=0.... we (3) 


The given equation may also be written in the form y = mz, (x, y) 
being the co-ordinates of the centre of curvature at any point. But for 


the circle represented by (3) we have x = — A, y = —B; hence we 
must have B = Am, so that the primitive becomes 
a + y? + 9Ax t+ QAmy +C = 0. ce ws (4) 


Thus the differential equation represents the doubly infinite series of 
circles with their centres on y = ma. When the vertex of any such 
circle is at a finite distance from the origin and the centre removes to an 
infinite distance, the circle becomes a straight line perpendicular to the 
given line; but this again is merely a particular case. 


T. P. TRIVEDI. 
K. J. SANJANA 


Solutions. 





Question 1215. 


(F. H. V. GULASEKHARAM) :—Show that the trilinear equation to 
the pedal circle of a point (/, g, %) with respect to a triangle ABC may 
be expressed in the form :— 


0, flgt+cosC, flh+cosB, % | 
glf + cos C, 0, ~glh + cos A, 8 
h/f + cos B, h/g + cos A, 0, ¥ a 
a, B, a; 0 


Solution (1) by Martyn M. Thomas, (2) by the Proposer. 


(1) Let D,E, F bethe feet of the Ls from (f, g, k)on BC, CA, AB; 
and D’, E’, F’ the feet of the Ls from (1/f, 1/g, 1/h) which is the 
isogonal conjugate to (f, g, h). 


Then the pedal circle of (/, g, /) will pass through D, D’; E, E’; 
and F, F’. Its equation being homogeneous and of the second degree 
in @, 8, Y can be expressed in the form 


Bae OR) 
L MN @ = 0, where P,O,R; L, M,N; X, Y, Z are 
» ah ee A quantities to be determined ee et 8, 
eee sy 40 


Now the co-ordinates of D are (0, cos C + g/f, cos B + h/f). 
< 7 D’ (0,cosC + f/g, cos B + f/h) 
" 3 E (cos C + f/g, 0, cos A + h/g) 
+ + E’ (cos C + g/f, 0, cos A + g/h) 
‘5 "9 F (cos B + f/h, cos A + g/h, 0) 
4 a F' (cos B + a/f, cos A + h/g, 0); 


and obviously the given determinant is satisfied by the co-ordinates of D, 
D’, etc. 
Thus the given determinant denotes a conic through DD’, EE’, FF’. 
The condition for a circle being satisfied the conic is a circle. Hence 
the result. 
4 
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(2) Now the equation 
0 on ry La 
pe 0 v2 mea =0 
ps qs 0 ny 
or B 0 


represents a conic through the points (0, q1, 71), (pa, 0, 72) and (ps, qss 0). 
‘Hence substituting the co-ordinates of the vertices of the pedal 


triangle of (f, g, h) for those of these three points and choosing 1: m: 
so that the conic is a circle, the equation to the pedal circle assumes the 


form given in the question. 





Question 1226. 


(B. B. BaGi) :—A,B,C, D,E,F are six points ona conic. DE, DF 
meet BC in L,, Ls; EF, ED meet CA in M,, Mg; and FD, FE meet 
AB in N,, Ns; then if AD, BE, CF meet in a point O, then L,Ng, 
N, Ms, M, Lo meet in the same point O. 


Solution by S. Audinarayanan. 


(1) Let DE, DF meet BC in L,, Ls. 
Join L, O and produce it to meet FE at No. 
Join ANs, DNo, BA and FA. 
Now, 
No (D,A,X,0) = (DAXO) 
F (DAXO) 
F (DAEC) 
B (DAEC) = (DYEL,). 


I 


Since in the two ranges (DAXO) and (DYEL,), Dis a common 
point and the two are equal, YA, EX and L,O must be concurrent. 
Hence BYANg lie on a straight line. 


Thus L, Ns passes through O. 


Similarly we can prove that N, Mg, and M,Ls pass through the 
same point. ‘ 
Thus the proposition is established. 


(2) Project the conic into a circle with the projection of O for its 
centre. 
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AD, BE, CF become diameters of the circle centre O. Hence 
chords AB, DE, are ||. Similarly AC || DF and BC || EF. 


Thus AN,DMg is a parallelogram and one of its diagonals N iMs 
passes through the mid. pt. of its other diagonal AD. 


Similarly NsL,, L2M, pass through O. 
Thus L,No, N, Mo, M,Le are concurrent at O. 


Hence they are concurrent in the original case also. 





Question 1242. 


(A. C. L. WILKINSON) :—Solve the equation 


dy Auth &. 
log (a = + y) + Zz =a 
"dw ' J 


Solution by A. Mahalingam and N. M. Shah. 


Putting wy = v, the equation transforms into 
=e ae 
8 dx dv ™ 
ee 
dz 
or Qv = pa (a — log p) aes # ete 


where p = ae Differentiating with tespect to a,we have 


dp 
Qp = p(a— log p) + z(a— log p— 1) —-. 
: (a — log p — 1) ee dx 
er ea Con) = 
ue (a — log p — 2) d (log 7 x 
i.e. —log « = log A— 1 log p— log (a — log p — 2) 
vs a—logp—2= Apw, «. eee gh 


A being an arbitrary constant. 
Equation (1) gives 2y = p (a — log p). e somey) 
The eliminant of p between (2) and (3) gives the solution, 


Pee (eate Cie ] 
2Aay = [ vite dara | a —log ne 


Ee LS 
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Question 1243. 


(A. C. L. WILKINSON) :—Solve the equation 


d 
(y — pa) (8y — px) =p, where p = 7 as usual. 


Show that the p-discriminant is a cusp locus and that the envelope 
of the tangents at the cusps consists of the two hyperbolas 
4J38ay = +1. 

Solution by A. Mahalingam and N.M- Shah. 


By the application of the principle of Duality, the differential equa- 


tion transforms into 
Y (3Y — 2 PX) =X 


. |Nv2 7 adY one 
(i.e.) BY’ — OXY Fy = X. 
: GY oe faye ee 
ee 7x oe kooe ee: 


Solving this linear equation, we have 
oY? = X + 2AX, - 


where A is an arbitrary constant. 
Differentiating this with respect to #, and writing x for P, we have 


6 AX? + 1—4Ya = 0 oo el LO, 


By the dual relations X = p, Y = pu — y, this reduces to 
6 Ap’ —4 pa” + (1 +4 ay) = 0 wes 


Equation (2) together with the given equation, 
pu —p (l+ 4ey) +37 =0 


constitute the solution of the differential equation. 


The elimination of p between these quadratic forms leads to the - 
actual solution, 


{ o°(1+4ay) — 18Ay’ }°=[ (1+4ey)? — 1927y*] [4e4— 6A (1+4ay)] 
Again 
(y — px) By — px) = p; 


2. Cr, ap a (4ya + 1) P mW 3y? — 0. eee (1) 
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The p discriminant is 
(4ya + 1)? — 19 ay? = 0. 
2. @., 4 (zy + 1*— 3 =0. oe wee (Y) 
ar ey+t1l=+ 5/3. ee eG}, 

It can be easily shown that (2) is not a solution of (1); hence it 
represents the cusp-loci. 

If (€, %) is a point on the primitive of (1) which is a cusp, then 

en = & 

where & = — 1 + 3 /3 and the tangent to the curve at (£,%) has its 


slope given by one of the equal roots of (1), the p-discriminant being 
equal to zero at (£, ). 


, Sie? le ot Sa ee 
2e pas ge? ma 9" 
and the tangent is given by 
4a + ] ; 
CP edits lata 1 ag | Soa €) 
; a 4a + } 
Ze. oak as ~~ 9e? (a— ©); 


or Oy.£? + (44 + 1— 20) —(40 +1) 2 = 0. 


The envelope is given by 
(Q0 + 1)? = —8 (49 + 1) ay. 


V3 
Now a=—]+ 9° 
Substituting and simplifying 
4N3ay = +1. 


Question 1244. 
(S, RAJANARAYANAN) :—Sum the series 
(a — 1). G eee eT 1), Gg — evssceree(— Da + r— 1) a 
where m denotes the number of combinations of ~ things ¢ at a time. 
Solution by I. Totadri Iyengar, N. M. Shah and J. B. Freeman. 


The given series is the co-efficient of x” in the product of (1 + 2)* 
and (1 + a)~* as will be seen on expansion of these functions. 


Hence it is equal to zero. 
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Question 1245. 
(S. RAJANARAYAN) :—Find the value of the infinite series 
“ Se 1 Ss . 
S ae >} + 9! 3 ! + eeeesces e 


where Sy denotes the sum of the rth powers of the first natural pumbers. 


Solution by J.B. Freeman, I. Totadri Iyengar, A. Mahalingam, 
N. M. Shah, R. Jagannathan and G. V. Gurjar. 
Arrange the terms in rows thus 
ro east has wit’ Pan ol She waar ETE ey Pear he 


Pe CLE PEEL sciscsssntinstessonsbely AD AES 


+a Circ Bieter ee acc a 


t SCHLOSS FOEHOCHOSELE ETE EOREREeEee Preebeerecereceeeoeassesee 


+4 Re eA Oe Heep op elie ot recat teat 


t eeeeeeorere SOOO eter eet enearreresoseseeee 


Summing by columns we see that 


POeCeFeeeseeTeereses 


CCevececeeeeerescaecesecsoesee + 6" We 


Question 1246, 


(S. RAJANARAYANAN) !—Find the value of the expression 
Vlatv Lab+ Jab®+ Vad? + Sapte + nostra 


Solution by A. Mahalingam, J. B. Freeman, N. M. Shah, 


hk. Jagannathan, I. Totadri Iyengar and G. V. Gurjar. 


Let the expression be equal to z. 
It is easily seen that 


a= vat Vix 

Hence te —a— Jby = 0, 
Jb + Sb + 4a 4 
whence a aes 
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Question 1254. 


(G. S. MAHAJANI) :—At a certain place A, on a certain day, 
m, = mean solar time of sidereal noon, 


Naz sidereal time of mean noon, 
show that on that day the ‘ mean’ and ‘ sidereal’ times (m, s) at any 
other place B, are connected by the relation 
m = L/15 48 = Ap ia ts 


m s 
oO oO 


— 1, 
where L’® is the difference of the longitudes of B and A. 


Solution by J. B. Mukherji and K. J. Sanjana. 
At i given asi (m, s) at B the mean and sidereal times at A 


are(m + — =, 1) and (s ait 1) respectively. 


Let & be the factor for transforming mean intervals into 
corresponding sidereal intervals. 


As s is the sidereal time of mean noon at A, the sidereal time at A 
corresponding to mean time m at B is s, +k (m ris 1 1) ; but this is 
ree) 
coed = 
(#31. 
| (ashe yaa ky 
7 S, + kim + 6 ‘ 
By a similar reasoning, it is readily seen that 
1 ii 
21 sea cs —. 
m + k (, ck 15 L) =m + 16 1B 
Eliminating / between these equations, we have 


i 
(m +x 1) («+ +it)=(.+41-.) (mttL—m); 


1 1 
or s,( m 1h L) a all s + i L) = 8) Mos 
from which the required result follows. 


gi , 
SND ¢ 


Questions for Solution. 


1985. (R. VYTHYNATHASWAMY):—TIf @, 8, y are the parameters 
of the inflexions in any system of parametric representation of the nodal 
cubic, shew that the points of contact of tangents from any point are 
parametrically determined by an equation of the form 


~ (a — 8)? (w— Y)? + Hew — Y)? (2 — @)? + Vv (x — 2)? (2 — 4)? = 9. 


Hence prove Mr. Youngman’s result (Question 18078, Educational 
Times), that the conic passing through the nodeand the points of contact of 
tangents from any point on the line of flexes circumscribes the A of 
inflexional tangents. . 

1286. (B.B. BaGi):—Squares ABDE, ACFG, are:described exter- 
nally on the sides AB, AC, of AABC, L, M being their respective centres. 
H, K are the mid. pts. of BC, EO and AK, AH meet them in P, O; then 
shew that (1) L, P, M, H, K, Q lie ona circle of which HK, LM, are 
perpendicular diameters and that (2) four times the area of sq. HMKL = 
sq. AF + sq. AD + 4 A ABC. 


1287. (B. B. BaGi):—If regular polygons AiAg...Am; B, Bo Bs...Bp 
are inscribed in circles with centres m, ae and radii m, re respectively, 
mM hh 


then shew that > > Az By* = mn (a, ac? + 74? + 792). 
Tel 


[The circles are not necessarily in one plane.] 


1288. (R. GOPALASWAMI) :—:A conic can be drawn through the 
centres of curvature of the max. ‘inscribed ellipse at the mid.-points of 
the sides of the triangle to osculate the evolute of the ellipse and the point 
of contact is the centre of curvature of the fourth point of intersection of 
the max. ellipse with the Nine-Points circle. 


1289. (K. J. SANJANA and T. P. TRIVEDI) :—Solve the following 
differential equations and give their geometrical significance :— 


(i) at +y2+ Y~ey) A+ 9%) =0; 


Ye 
(ii) y?=— et + (y + ay,) G+ 9°) =(Q: 
Ye 
Gi) ne? + 2+ Ut 1) Y—nay)) _ 9 


Yo 
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